Abstract: This paper analyses the effect of bulk stress applied in the specimen on the contact conditions and stresses during a fretting fatigue test. The problem considered corresponds to that of a fretting bridge test using spherical contact pads. A three-dimensional finite element model together with a mesh subdivision h-adaptive procedure has been used. This has allowed for the evaluation of a precise solution at a reasonable computational cost. Finite element results have been compared with existing analytical models.
NOTATION
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INTRODUCTION
Fretting fatigue tests are an efficient tool to increase knowledge of the causes that produce crack initiation near the contact area. The results of these tests may also help in the development of models that describe the generation and growth of such cracks. The evolution of the stress field and contact conditions during a fretting fatigue test using spherical pads has been analysed in this paper. A schematic diagram of the fretting fatigue test considered can be found in Fig. 1 . In this figure, component 1 represents the spherical contact pads, component 2 is the test specimen, generally of rectangular section, and components 3 and 4 represent the supports of the contact pads. Loads may be controlled by means of the stiffness of component 4. The fretting test begins with the generation of a contact area by applying a force P perpendicular to the contact surface. Afterwards the specimen is subjected to an alternating traction force F. A tangential load Q will appear due to the existence of friction between parts in contact. The magnitude of loads T and Q depends on the stiffness (k p ) of the
SPECIAL ISSUE PAPER 479
The MS was received on 14 supports of the contacts pads and the equivalent stiffness (k s ) of the support of the the specimen (see Fig. 2 ). The stress field in the specimen will be given by a bulk stress and the distribution of stresses generated in the contact area associated with the transmission of the normal load P and tangential load Q. Models used to evaluate the generation and growth of cracks during a fretting fatigue test require knowledge of the distribution of stresses in the vicinity of the contact area and their evolution with the cyclic load. This stress state is generally multiaxial and non-proportional [1] and is usually analytically or semianalytically estimated. The solution of the equations that describe the contact problem in three dimensions is quite complex and is usually obtained through a numerical method.
During the past few years a number of finite element (FE) models of two-dimensional and three-dimensional fretting fatigue problems have been developed. McVeigh and Farris [2] evaluated the influence of the specimen traction stress over the stress distribution and contact conditions during a fretting test for the case of cylindrical contact. Hills and Nowell [3] obtained the analytical solution to this problem. Ambrico and Begley [4] analysed the contact between a rigid cylinder and a body with elastoplastic behaviour, comparing the results with those obtained for the case of purely elastic behaviour. Tsai and Mall [5] analysed the same problem but they considered elastoplastic behaviour in both bodies, evaluating the influence of different parameters which affect the evolution of the stress field. Iyer [6] evaluated the influence of the stress evolution on fatigue life.
In the three-dimensional case, Kral and Komvopoulos [7] [8] [9] solved the problem of a rigid sphere in contact with a body with elastoplastic behaviour transmitting normal, monotonic tangential and reverse tangential loads. In order to obtain an accurate solution, these workers refined the mesh by manual subdivision of the elements surrounding the contact area. Giannakopuolos and Suresh [10] analysed the contact problem of two elastic spherical bodies. They defined a trigonometric expansion that allows for the resolution of the problem using a two-dimensional mesh, reducing considerably the computational cost. However, this technique cannot be applied if there is a bulk stress in the specimen. Vu-Quoc et al. [11] analysed the forcedisplacement relations for the case of normal and tangential loads between two spheres in contact with elastoplastic behaviour. The method used to apply boundary conditions is similar to the method presented in this paper. The evolution of the stress field during a spherical contact fretting fatigue test has been analysed in this paper using a three-dimensional FE model. The same material is used for the two bodies in contact. First of all, a review of the analytical solutions to this problem will be presented and influence of bulk stress on contact conditions discussed. Then the FE model used will be exposed. Finally the comparison between the FE and analytical solutions will be shown.
ANALYTICAL MODELS
The fretting fatigue problem under study was analysed by Dominguez [1] who estimated the evolution of stresses during the fretting fatigue test near the contact area. Dominguez's work is based on the studies about contact carried out by Cattaneo [12] and, independently, by Mindlin and Deresiewicz [13] and Mindlin [14] who assumed that the bodies in contact behave as infinite half-spaces. Figure 2 schematically shows the loads that appear in the spherical test specimen and contact pads during the fretting fatigue test. The contact conditions are also shown in this figure. According to Hertzian theory, the pressure distribution in the contact when a normal load P is applied is given by
where a is the size (radius) of the contact area which has a circular shape:
and p 0 is the maximum value of the normal traction under contact. The value of p 0 can be calculated as
In (equation 2), E is Young's modulus, R is the radius of the spherical contact pad and î is Poisson's ratio. If a tangential load Q , íP is then applied (without bulk stress in the specimen, i.e. Tˆ0), the contact area splits into the so-called stick and slip zones. The stick zone is assumed to be a circle of radius c:
The shear traction under the contact in the X direction (see Fig. 5 later) is given by
Shear traction in the Z direction under the contact is neglected in this solution.
The solution given by Hamilton and Goodman [15] can be used to obtain the stress field in the infinite half-space with a Hertzian normal and/or shear traction on the surface. Hamilton [16] and Sackfield and Hills [17] further extended this former work obtaining a formulation that is easier to process (FE results will be compared with this solution in Section 5).
In the general case, when the test specimen is subjected to a traction force F, the stress field in the vicinity of the contact area is a function of the stresses associated with load T (bulk stress) and the transmission of loads in the contact (normal load P and tangential load Q) which will be affected by the bulk stress. From the schematic diagram in Fig. 2 , and in the absence of global sliding, the following equation arises:
where k p and k s are the equivalent stiffnesses of the contact pads and the test specimen, respectively. The load F will increase from zero to its maximum value F m and then decrease again to zero during each load cycle. The values of k p and k s define the maximum values of tangential Q m and traction T m loads. The fretting fatigue test will usually be defined using these two values.
The traction load T and the tangential load Q are related by the following expression:
In this equation, A s represents one-half of the specimen cross-sectional area. Therefore the value of constant k l can be obtained as a function of the desired maximum values of bulk stress ó m (caused by traction load T m ) and tangential load:
The bulk stress in the test specimen modifies the stick and slip conditions in the contact area. Based on the work of Hills and Nowell [3] , who solved the cylindrical problem, Wittkowsky et al. [18] estimated the effect of the bulk stress ó in a spherical contact problem. An eccentricity e of the stick zone with respect to the contact area in the X direction (see Fig. 2 ) appears as a result of the bulk stress. Assuming a plane strain condition in the specimen, these workers found that the value of e could be evaluated from
where
In this approximate solution the shear traction under the contact in the Z direction, q z , has been neglected and it has been assumed that the stick zone remains circular. Navarro and Dom_nguez [19] showed that under plane strain conditions the shear traction q z would be about 0.02 times that in the X direction. They also studied the effect of assuming a plane stress condition in the specimen. Under this assumption the eccentricity of the stick zone would be given by
where k t has been defined as
Differences between e d and e t are small for a material such as aluminium alloy with îˆ0 :33. Therefore the distribution of shear traction in the X direction can be obtained as a modification of the Mindlin problem:
where r is the radial distance from the centre of the contact area and
In this equation, e denotes e t in the case of a plane stress condition and e d in the case of a plane strain condition in the specimen. In the plane stress situation, slipping will also appear due to the shrinkage deformation of the test specimen along the Z direction when subjected to traction. This slip is added to that generated by the transmission of contact loads and it will produce a redistribution of the shear traction in the Z direction.
The above equations are only valid under the assumption that the stick zone remains within the contact area. The load conditions which give rise to the different situations of the stick and slip zone during a fretting fatigue test will be analysed in the following section.
CHANGES IN CONTACT CONDITIONS
Slip in the Z direction between the surfaces in contact and the corresponding shear traction will be neglected in this section. It will be assumed that the eccentricity e can be evaluated through equation (10) (eˆe t ) and that the size of the stick zone (assumed to be a circle) can be evaluated through equation (4) (Section 5 will show that these assumptions are quite accurate). Under these assumptions the value of e will linearly increase with an increasing value of T and the value of c will decrease from a to zero as a function of the cube root of Q (T and Q both depend on F and the stiffnesses k s and k p ). From a situation without a slip zone in the contact area, i.e. after the normal load has been applied, a small increment in F will generate a slip zone within the contact area. Two different situations, schematically represented in Fig. 3 , can arise.
Case A
Slipping occurs in the sense of the tangential load Q everywhere in the slip zone. This situation will appear if the increment of eccentricity e with F is smaller than the decrease in the size of the stick zone, c:
From equation (6) and given that the force FˆT ‡ Q,
The partial derivative of the eccentricity e with respect to the force F can be obtained from equation (10):
Taking into account equation (7) and (8), the last expression can be written as
From equation (4) the partial derivative of c with respect to F is
For Fˆ0 (Qˆ0), substituting the value of p 0 [equation (2) ] in equation (17) and simplifying, the following expression is obtained:
The value of k t , defined above, is approximately 0.25 for aluminium alloy. In this case, if the load F is increased, the size of the stick zone will decrease until QˆíP when global sliding will appear in the contact area.
Case B
If the condition expressed in equation (18) is not fulfilled, a small increment in F will generate two different slip zones. In one of them, slipping will occur in the sense of the tangential load Q transmitted from the sphere to the test specimen through the contact area whereas, in the other zone, reverse slipping will appear, i.e. opposite to Q. Under this situation, equations (4) and (10) will not be valid. If load F is further increased, two different situations can arise as follows.
Case B.1
The size of the stick zone is decreased whereas the size of both slip zones is increased. This will only happen when the following equation holds for the complete range of variation in F:
Substituting equations (16) and (17) into equation (19),
Substituting the value of p 0 [equation (3)] and particularizing for the case when Q reaches its maximum value, the following equation is obtained:
Case B.2
This situation will appear if the condition given by equation (19) is not fulfilled for the complete range of variation in load F. After a certain value of F the size of the slip zone with reverse slipping suddenly disappears and becomes part of the stick zone. This happens for values of the tangential load Q larger than
If F, and therefore Q, is still increased, the original reverseslipping zone will start to slip in the sense of load Q. If the whole zone originally subjected to reverse slipping starts to slide in the sense of load Q, equations (4) and (10) will be valid again. Figure 4 shows all these different contact situations. The (18) and (22) respectively, acting as borderlines between cases A, B.1 and B.2. The tangential load Q will be linearly related to the traction stress ó as F is increased. The evolution of loads Q and T when F is increased during a fretting test is represented in this figure by a straight line from the origin to the point corresponding to the maximum values of loads. The slope of this line is a function of the stiffnesses k p and k s . As in the example shown in Fig. 4 , it is possible for the contact conditions to change from case B.1 to case B.2. Furthermore, under certain conditions in case B.2 (after the whole zone originally subjected to reverse slipping starts to slide in the sense of load Q, see Section 5) the analytical model of Section 2, corresponding to case A, can be applied to obtain the stress field.
FINITE ELEMENT MODEL
The geometrical model utilized to obtain the stress state during a fretting test using spherical contact pads is shown in Fig. 5 . Dimensions of the test specimen are 2b 3 2d 3 2L. The fretting pad consists of a modified cylinder whose lower end (in contact with the specimen) is spherical. The FE procedure utilized in this paper was validated in previous work [20] where an analysis of the effect of the specimen dimensions on the contact and subsurface stresses was carried out for the sphere-plane contact problem subjected to normal and shearing forces (without bulk stress). Under these conditions the changes produced in the contact conditions and stresses when the specimen dimensions change and the bodies in contact do not behave as an infinite half-space were analysed. The analysis showed that, even in the case where the specimen and pad width is about three times greater than the characteristic contact size and the pad depth is about 1.5 times greater than the characteristic contact size, the FE results match those obtained for the contact of two infinite half spaces with an error lower than 3 per cent. This work also showed the evolution of stresses as a function of the pad width and depth. Based on this previous work the following specimen dimensions have been taken: bˆ5a and dˆ2a. These dimensions guarantee that the bodies behave as infinite half-spaces. Obviously the reduced dimensions in the geometrical model have allowed for a considerable reduction in the computational cost due to the reduced number of degrees of freedom of the FE model.
There are two symmetry planes in the problem under analysis. The first corresponds to the XY plane. The second is the plane yˆ¡b. Appropriate boundary conditions are imposed accordingly. Certain displacement constraints are also applied to the nodes located in the grey areas in Fig. 3 . The displacement in the X direction of the nodes in the specimen located in the xˆL plane are imposed so that they are equal to that of the node located at xˆL, yˆ0, zˆ0, where the load F has been applied. Similarly the displacement in the X direction of nodes of the specimen located in the xˆ¡L plane must be equal to that of the node located at xˆ¡L, yˆ0, zˆ0. Displacements along the X, Y and Z directions of all nodes of the pad located in the yˆH plane have been forced to be equal to the displacement of the node where the normal load P is applied (coordinates xˆ0, yˆH, zˆ0). These constraints guarantee the appropriate load transfer between the spherical pad and the test specimen. Since they are applied far away from the contact area, their influence on the stress distribution is negligible. The stiffnesses k p and k s have been modelled by means of spring elements. The first connects the node of the spherical pad located at xˆ0, yˆH , zˆ0 to a fixed point. The second spring element connects the node of the specimen located at xˆ¡L, yˆ0, zˆ0 to another fixed point. The only displacements taken into account in these spring elements are those corresponding to the X direction.
The FE analysis begins by applying the normal load P. Rigid body motion is avoided by imposing a displacement restriction in the X direction for all nodes located in the line xˆzˆ0. In a second step this restriction is eliminated and a monotonically increasing load F is applied. These are the only steps performed in all the analysis. Since the contact problem is non-linear, loads must be applied in small increments in order to obtain the correct stress distribution.
The FE analysis has been carried out using ABAQUS [21] . A slave zone has been defined in the specimen surface as a zone of possible contact. A master zone has been similarly defined in the spherical pad. Contact restrictions have been imposed using the Lagrange multiplier method. An h-adaptive procedure based on element subdivision [22, 23] has been used to obtain an accurate FE solution at a reasonable computational cost. The technique is based on the subdivision of linear or quadratic hexahedral elements in terms of the estimated error in energy norm using the Zienkiewicz-Zhu error estimator [24] . The first step in this procedure would be the generation of a mesh using ABAQUS utilities and the evaluation of the corresponding solution. Then, the developed refinement program evaluates the discretization error and subdivides those elements with high estimated error, thus generating a new mesh to be used in the solution of the problem. A mesh sequence obtained applying this procedure can be found in Fig. 6 .
Hexahedral quadratic 20-node elements and a standard 3 3 3 3 3 points Gauss integration have been used in the analysis. Elements in the master and slave zones are 21-node special contact elements [25] . In each of the analyses the h-adaptive procedure was repeated until the global estimated error in energy norm was less than 2 per cent.
The material considered in the study has been aluminium alloy 7075-T6 with Young's modulus Eˆ71:1 MPa and Poisson's ratio îˆ0 :33. A Coulomb friction model has been considered in the analysis. The value of the coefficient of friction is assumed to be íˆ1 :2 which corresponds to the experimental results obtained for fretting fatigue tests with spherical contact pads with the same material [18, 26] .
FINITE ELEMENT RESULTS
Different loading conditions falling into each of the three zones represented in Fig. 4 have been studied. Figure 7 represents some of the examples numerically analysed. During FE analysis, the value of F is increased from zero to the maximum value F m . In Fig. 7 this is represented as a line from the origin to the indicated point. For clarity, only final points (associated with the maximum value of the cycle) are plotted. A total of 12 examples are shown. They correspond to combinations of three different values of maximum bulk stress and four different values of maximum tangential load. Only half of the tangential load cycle is simulated in each example.
Examples 1-3, 1-2 and 1-1 fall into case A where the analytical solution is valid. It has also been observed that in Examples 2-2 and 2-1 (case B.2) the analytical solution exposed in Section 2 is applicable. In Fig. 7 a dashed line has been plotted in order to roughly divide cases where the analytical solution is valid from others. In Example 2-2, the evolution of contact conditions when F is increased is shown as a line. From the origin to point A the reverse slip zone is increased as F is increased. At point A, the reverseslip zone becomes part of the stick zone, and an increase in F causes part of this zone to slip now in the sense of Q. When point B is reached, the size of slip zone is equal to that with reverse slip and the analytical solution is valid.
As shown in Section 2, the eccentricity of the stick area can be analytically evaluated considering a plane stress or a plane strain behaviour of the specimen. FE results have been compared with analytical solutions in order to determine which of the assumptions would lead to the most accurate results. The analytical solution is obtained following a procedure similar to that presented by Wittkowsky et al. [18] . Equations (1) and (11) are used to compute the normal and shear tractions respectively over the contact zone. Two values of the eccentricity e are used [equation (9) and equation (10)] to consider plane strain and plane stress condition in the specimen. From those normal and shear tractions, the solution given by Hamilton [16] , which is valid for the infinite half-space, is used to calculate the internal stresses. This solution has been modified in order to model the correct behavior of the specimen; i.e. the bulk stress ó has been added to the component ó x . In the case of plane strain condition in the specimen, the corresponding value of the component of ó z (given that å zˆ0 ) has been added to the contact solution. Figure 8a shows the FE results for the shear traction q x along the X axis for Examples 1-3 and 2-2. Figure 8b shows the normal stress component ó z along the X axis for these examples. The analytical solutions (plane strain and plane stress) have also been plotted in these figures for comparison with the FE results. It can be concluded that FE results are closer to those obtained under the assumption of a plane stress condition in the specimen.
The main difference between the FE solution and the analytical solution can be found in the contact shear traction q z . From all the examples analysed, it can be concluded that the maximum value of this stress component increases with increasing value of bulk stress applied during the test (this effect is due to Poisson's ratio of the material). For a given value of bulk stress, the shear traction q z increases as the maximum tangential load is decreased. Figure 9 shows the shear traction q z in the contact area (normalized using íp 0 ) for Examples 1-3 and 2-2.
The effect of the shear traction q z on the stress distribution in the specimen has been analysed by plotting differences between the FE and the analytical solutions in the XY symmetry plane. These differences have been represented in Fig. 10 as a percentage of p 0 and are found to be about 4 per cent in the area around the contact, reaching a value of 6 per cent at certain points. A plane stress state has been supposed in the specimen for the analytical model. Load cases with reverse slipping will now be studied. Figure 11 shows the shear traction q x in the contact area for the numerical Example 3-4. Reverse slipping appears in this example. The theoretical contact area and the approximate boundary of the stick zone have also been represented in this figure. The variation in shear traction q x along the X axis is shown in Fig. 12 . It can be clearly observed that q x is equal to íp in the area where the slipping occurs in the sense of the tangential load but q x is equal to ¡ íp in the area with reverse slipping. The von Mises equivalent stress has also been represented in Fig. 12 for this example. A local maximum value of these stresses appears at point xˆ¡a. This circumstance does not appear in the examples without reverse slipping, e.g. in Example 2-2 (see Fig. 12 ). Although no experimental test has been carried out, this local maximum may increase the likelihood of crack generation at this point with respect to other load cases.
With regard to the zone in case B.2 where the analytical solution is not applicable, Examples 3-2 and 3-3 have been analysed. The first one is closer to the dashed line represented in Fig. 7 ; therefore FE results approach more to the analytical model. Although there is a reverse-slip zone at the beginning of the load cycle, this reverse-slip zone will not be present for the maximum value of the applied load. This can be observed in Fig. 13 where the shear traction q x along the X axis is presented. This figure also shows the analytical solution assuming a plane stress state in the specimen in Example 3-2. It can be observed that the two solutions do not match in the areas where reverse slipping has occurred. The von Mises stress has also been presented. Unlike the case of the former example (see Fig.  12 ), no local maximum can be observed at the end of the contact area (xˆ¡a). This indicates that the likelihood of crack generation at this point will be lower for Example 3-4, for example.
The maximum value of the equivalent von Mises stress (which always appears at xˆa) has been obtained for each of the examples analysed. It has been observed that, for a constant value of the bulk stress, this value increases with increasing tangential load Q.
CONCLUSIONS
The evolution of both the stress field near the contact area and the contact conditions during a fretting fatigue test using spherical contact pads has been analysed. An FE model has been used to solve the contact problem. An hadaptive procedure based on element subdivision has been used to obtain an accurate FE solution at a reasonable computational cost.
The analysis has allowed for the definition of the contact conditions during a fretting fatigue load cycle. Two different cases can appear depending on the stiffness of the supports of both fretting pads and specimen. The first case corresponds to a situation where a zone of reverse slipping appears into the contact area. The second case corresponds to a situation where the slipping is always in the same sense for all points. It has been shown that a local maximum of the von Mises equivalent stress will appear at xˆ¡a for the case where reverse slipping is present. This indicates that the likelihood of crack generation at this location in this case would be higher than in the case without reverse slipping. Considering a plane stress condition in the specimen, the comparison between the FE solution and the analytical solution (for those cases where the analytical solution is applicable) showed very good agreement between both solutions. The differences obtained where always less than 6 per cent. This fact also indicates that the influence of shear traction q z has no appreciable effect on the stress state in the vicinity of the contact area.
Analytical models are necessary because of the reduced computational cost involved in the evaluation of the solution (for those cases where the analytical solution is applicable). The use of crack initiation criteria, such as those based on critical plane theories, require knowledge of the evolution of the stress distribution during a load cycle. This evolution of the stresses can easily be obtained with the use of such models. Further development is being carried out in order to obtain analytical models which could be used in the reverse-slipping situation.
